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ABSTRACT. A characterization of the closed principal ideals in nonradial Hor-
mander algebras of holomorphic functions of several variables in terms of the
behaviour of the generator is obtained. This result is applied to study the
range of convolution operators and ultradifferential operators on spaces of
quasianalytic functions of Beurling type. Contrary to what is known to happen
in the case of non-quasianalytic functions, an ultradistribution on a space of
quasianalytic functions is constructed such that the range of the operator does
not contain the real analytic functions.

Let u,v : R — R be continuous, non-negative and even functions which are
increasing on the positive real numbers. We assume that v is convex and the
quotient Zég tends to zero as & — oo. Both functions are extended to RV as

follows:

] =

u(z;), v(zi,...,zN) = Zv(xi)~

1 i=1

u(xy, ..., oN) =

-
I

Now we put p(z) := u(Re z) +v(Im z), z € CV, and we suppose that
log(1+ |z]) = O(p(z)) and p(2z) = O(p(z)) as |z| — oo.

Then p is called a non-radial weight. The associated Hormander algebra A, is
the collection of all entire functions f € H(C") such that, for some k € N,

| £k := sup | f(2)|exp(—kp(z)) < co.
zeCN

In the radial case, which occurs if instead of the condition u = o(v) we take u = v,
it is well-known that each principal ideal in A, is closed ([2], [T3]). However this is
not true in general in the non-radial case. A characterization of the closed principal
ideals was given by Ehrenpreis [7, 2.2] in the case p(z) = log(1+|2|?) + [Imz| and by
Meise, Taylor and Vogt [18] in the case v(t) = |¢| under some particular assumptions
on u. For general non-radial Hormander algebras the closed principal ideals were
characterized by Momm [23] in the case N = 1. Our proposition 2 is an extension
of the results in [23] to the case of functions of several variables. As a consequence,
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some of the results in [4], [5] and [I8] concerning the range of convolution operators
acting on non-quasianalytic classes of Beurling type are extended to the quasiana-
lytic case in theorem 3 and corollaries 6 and 7. We characterize also in proposition
14 the Roumieu classes which are contained in the range of a given convolution
operator, acting on a Beurling class, in terms of the behaviour of the symbol of the
operator. Special emphasis is put on the case of ultradifferential operators. See
propositions 9 and 15. The limit case which appears when we replace the Roumieu
space by the space of the real analytic functions is considered at the end of the
paper. Ehrenpreis proved in [7} Theorem II] that the intersection of the ranges of
all the convolution operators on £(RY) is the space of real analytic maps A(RY).
In particular the real analytic functions are contained in the range of every convo-
lution operator on £(RY). This result was extended by Hérmander for convex open
sets (cf. [I1] 16.4.5]) and for spaces of non-quasianalytic functions of Beurling type
in []. However our theorem 21 shows the existence of a (non-zero) convolution
operator on a quasianalytic class of Beurling type whose range does not contain the
space of the real analytic functions. This result is related to the work of Sigurdsson
[30] concerning the existence of entire functions f such that the limit set of log|f]
is equal to a prescribed set of subharmonic functions.

Our notation is standard. We refer the reader to the books [9} [T, [TT], [T5}, [20].

Remark. For |y| large enough we have, for some constant C' > 0 and for all y € RV,

N
v(lyl) < v(Q_lyil) < maxo(Nly;|)

i=1
< Cmaxv(|yi|) < Co(y).

Lemma 1. Let v be an increasing and conver function on Ry such that v(2t) <
Kuv(t) for all t > 1. Given sequences (x;) C RY and (R;) C Ry, there exist a
positive constant D > 0 and a sequence (f;) of entire functions with the following
properties:

1. |f;(2)] < Dexp(Dv(|Imz|) + Cnlog(1 + |2]?)) if z € CV, |2 — ;| > R; + 2,

2. |£j(2)] < Dexp(Dv(R;) + Cnlog(1+ |2]?)) if 2 € CN, |z —zj| < R; + 2,

3. |f(ay)| = exp(v(Z4) — O log(1+ |2;]%),

where Cy is a positive constant which only depends on N.

Proof. For each j € N and R > 0 we consider the function h; g : CN — R, which
equals [Imz| if |z — z;| > R and with

hj r(z) :=sup{u(z) : u is plurisubharmonic on B(z;, R),
lim,, cu(w) < [Im¢| for every & with | — z;| = R}

for |z — ;] < R. By [25], hj g is plurisubharmonic and continuous on C and
satisfies h; p(z;) > %. Now we put h; := hj; g, and define ¢; as the function
©j(z) := hj g, +1(2)+1. Since v is an increasing and convex function on R we have
that ®; := v oy, is a plurisubharmonic function which has the following properties
(see [4, p.131-132)):

(1) sup|y—2 <1 Pj(w) < v([Imé] +2) for every 2 € CN, |z — x| > Rj + 2,

(ii) supjy—zj<1 ®j(w) < v(R; +4) for every z € CN, |z —z;] < Rj + 2 and
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oy 2R,
(iil) inf}y o, <1 ©5(w) > U(W\/JN)'
Finally we apply [9, 4.4.4] as in [24], 1.8] to find a sequence (f;) of entire functions
with

|fi(z;)] = exp( inf ®;(w) — Cylog(1+ |x,]*))

w—xz;|<1
and
|fi(z)] < C’Nexp(‘ sul‘) @, (w) + Cnlog(l + |z|2))7 zeCN,
z—w|<1
from where the conclusion follows. O

For a non-radial weight p we put Ry () := v~ (ku(z)). We may assume v(0) = 0.
Then by the convexity of v and the properties of p, for each k € N there exists n € N
and xo > 0 with R (x) < kRyi(z) < Rp(z), x > xo. Hence, in the next proposition
we may replace Ry by kR;.

Proposition 2. Let F € A, \ (0) be given. Then the following assertions are
equivalent:

(a) There are k € N and zo > 0 such that for each x € RN with |z| > x¢ there
is w € CN with |w — z| < Ri(x) and |F(w)| > exp(—kp(w)).

(b) There are k € N and xo > 0 such that for each x € RN with |x| > zo there
is t € RN with |t — x| < Ri(x) and | F(t) |> exp(—ku(t)).

(c) There is k € N such that for each n € N there are m € N and R > 0 such
that for each z € CN, | 2 |> R, there exists w € CN with | w—2z |< Rk(Rez)—l—‘Ian‘
and | F(w) |> exp(—mp(w)).

(d) For each k € N there exist n € N and C > 0 such that for each g € A, with
fi=% e ACN) we have f € A, and | f [,<C | g |k -

Proof. (a) = (b). Let k,xo, be given by condition (a) and fix x € RY with | z [>
z9. We take w € CV such that | w — z |< Ri(z) and | F(w) |> exp(—kp(w))
and consider the entire function f(&) := F(§,wa,... ,wy), £ € C. By Levin [15]

Theorem 11], applied with n = % and H =2+ 1og(g—f]), there exists p; > 0 with

| w1 — a1 |<p1<;|w1—x1 |=: R
such that
| SO 1=] flw) (0 sup [T, [€—wi|=p1.

|€—w1|=2eR
Using that v(] w1 — 1 |) < v(Rg(z)) < ku(z) we get the existence of constants C;
depending on p and k such that
sup  p(&) < u(Rews 4 2eR) + v( Imw; + 2eR)
|€—w1i|=2eR
< Cip(w) +v(f wr —a1 |) +1)
< Co(p(w) + u(z) +1).

Now we choose t; € R with | t7 — w1 |= p1. Then | t; — 21 |< ng(:c) and
| F(t1,wa,...,wy) |> exp(—ki(p(w) + u(x) + 1)) for some constant k1 > 0. We
again apply Levin [I5, Theorem 11] to f(§) := F(t1,&,ws,... ,wn) to find ps > 0
with | Wy — T2 |< p2 < % |w2 — T2 |7 |t2 — W2 |: P2 and | F(tl,tg,wg,... ,wN) |Z
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exp(—ka(p(w)+u(x)+u(t;)+1)) for some constant ko > 0. Proceeding by induction
in this way we obtain ¢ € RY such that | t; — 2; |< 2Ry (z) and

| F(t) = exp(=kn (p(w) + u(z) + u(t) +1)).

To finish we observe that there is C > 0 such that | z — ¢ |[< CRi(z) and | w — 1 |<
CRy(x), from where it easily follows that | F'(t) |> exp(—Au(t)) for some constant
A>0.

(b) = (¢). We modify the proof given in [23]. Let k,xz( satisfy condition (b).
We can assume that | F(z) |< Cexp(kp(z)) for some constant C > 0 and every
2z € CN. We choose k; > k with V2R, < Ry, + C; for some C; > 0. Let n € N
and fix z € CV, 2 = v + iy, =,y € RY. We may assume that | x |> xg. Otherwise
we choose w with respect to zg := x¢ + iy instead of z. Condition (b) implies that
there is t € RY such that | t — x |< Ri(z) and | F(t) |> exp(—ku(t)). We now
consider two cases:

CASE I: | y |< Ri(x). We put w :=t. Then | w — z |< 2Ry (z) < Ry, (z) + Cy.

CASE II: | y |> Ri(x). We consider the entire function f(&) := F(§,t2,... ,tn),

1-(14—)""!
¢ € C. By Levin [15] Theorem 11] with n = % there exists p; > 0 with

1) [t-—zl<p <O+

1
\/Wn) | tl — Z1 |=Z R
such that
2) [fO =) 1T sup [ FE ), [€—t1l=p,

[6—t1|=2¢R
with H =2+ 1og(g—f1). We choose wy € C with | £ —¢1 |= p1 and

|t1—21|< ly |
vV2Nn ~— +2Nn

For £ € C, | £ — t1 |< 2eR we obtain from (1),(3), with suitable constants C; > 0
depending on p and k, that

p(g) < Cgu(tl) + Cgv(l t1 — 21 |) + Cy
<Cou|zy [+ [t —21]) + Cov(V2 |y ) + Co
< Csu(z) + Csu(|t —z |) + Csv(| y |) + Cs
= Cyp(z) + C4.

3) Jwi—2<

Hence (since | wy — t1 |= p1) we get by (b) and (2) that
| F(wi,ta, ..., tn) [> exp(=K'(p(t) + p(2)) — k')

for some k' which depends on p and k.
Now we again apply Levin [T5, Theorem 11] in the same way to the function
f(&) = F(w,&,t3, ... ,tn), £ € C, and obtain some py > 0 with

[t —z1[<p1 < (1+ Jti—z1 |= R

1
VvV2Nn
and

[ FE) 2] flt2) 1 sup [ [TH), [ €—t2|= po

|6—t2|=2eR
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We choose wy € C with | wg — to |= p2 and

|t2—22|< ly |

V2Nn ~ V2Nn'

|U)2—22 |<

As above we get
| F(wi,wa,t3,...,tn) |> exp(=k" (p(t) + p(2)) — k")

for some k" which depends on p and k.

Hence, by induction, we find w; € C with | w; — z; |< \/%n and | F(w) |>

exp(—kM) (p(t) + p(2)) — kM), where £¥) depends on p,k and N. In particular
|w—2z|< % We finally observe that p(t) + p(z) < Csp(z) + Cs for some C5 > 0.
Moreover | y |<| Imw | —l—%, hence | y |[< (1 — 2)7! | Imw | from where it follows
that p(z) = u(z) + v(y) < Cev(Imw) + Cg for some Cg > 0. Then the desired
bounds for | w — z | and | F(w) | are proved. The additive constants which occur
can be eliminated applying our result with n + 1 instead of n. Then the desired
results holds for large | z |> R.

(c) = (d). Let k € Nand g € A4, with f := £ € A(C") and assume that
| g |k :=sup,ccn | 9(2) | exp(—kp(z)) < oo. We take L € N such that | F' |1 < oo.
Given z € CV we apply [8] 3.2] with r := Rj(Rez)+ | Imz | to get

(Sup|wfz|<4r | g(w) |)(Sup\wfz\<4r | F(’U)) |)

| f(2) |< (SUP|yy )<y | F(w) )2

For every | w—z |< 4r we have p(w) <wu(] Rez |+ |w—z |)+v(| Imz | + | w—2z |).
Since u(t) = o(v(t)), p(22) = O(p(2)) and v(Ri(Rez)) = ku(Rez), we get p(w) <
A(p(z) + 1) for some constant A > 0.

On the other hand, condition (c) with n = 1 implies that there is wg € CV such
that | wg — z |[< r and | F(wp) |> exp(—mp(wp)). Consequently

| F(2) <] g [x] F |1 exp(np(2))

for some constant n € N. In particular f € A,.

(d) = (a). Since for every C' > 0 and k € N there is ng € N with CRy(z) < R, (z)
for n > ng, we have to show the following condition (*): There are k € N, C > 0
and zg > 0 such that for each z € RY with | x |> xo there is w € CV with
| w—2 |< CRy(x) and | F(w) |> exp(—Ckp(w)).

Assuming that condition (*) is not satisfied we can find a sequence (z;) in RY
with lim;j . | #; |= oo and such that for each j € N and each £ € CV with
| € —z; |< CRj(z;) we have | F(§) |< exp(—Cjp(§)), where C is a positive
constant to be determined later. Since u(z) = o(v(x)) as « goes to infinity we can
assume u(x;) < %v(lx—g‘), hence R;(x;) = v~ (ju(z;)) < @

Let (f;) be a sequence of entire functions on CV satisfying the properties (a), (b)
and (c) of lemma 1 with R; := R;(x;). It follows from property (b) that f; € A,. In
order to get a contradiction we show that (F'f;) is bounded while (f;) is unbounded
in Ap.

To do this we first observe that, since | z; |<| Re | +R; +2 <|Re¢ | +2+ @,
we have @ <| Re | +2. Hence there are jo € N, k> 0 and Dy > 0 such that

| £i(€) |< Dyexp(kju(Re€) + Cy log(1+ | € 7))
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for every j > jo and £ € CV, | £—x; |< Rj+2. Then, | E—x; |< Rj+2(< CRj(x;))
implies
| F(€);(€) |< Dnexp(Cy log(1+ | € )
if we take C' large enough at the beginning of the proof. Moreover
| F(§)£3(8) I<] F(£) | Diexp(D1p(§))
for | £ — x; |> R; + 2. Hence there is L € N with

sup sup | F'(§)f;(¢) [ exp(—Lp(£)) < oo,
JjEN ¢eCN

and (F'f;) is bounded. On the other hand, there is € > 0 with v(ﬂ:i/(—f\;)) >

ev(R;(x;)) = eju(x;), which implies
| fi(;) [ exp(eju(z;) — Cn log(1+ | 25 |*))
and (f;) is not bounded in A,. O

In [23] (¢) = (d) was proved in the case N = 1 via another equivalent condition,
namely of F' being slowly decreasing in the sense of Berenstein and Taylor [3]. We
apply Hormander’s lemma to prove (¢) = (d).

The next characterization of the closed principal ideals in a Hérmander algebra
follows from proposition 2 using standard arguments from functional analysis as in
[23].

Theorem 3. For each F € Ay \ (0) the following assertions are equivalent:

(a) The principal ideal F A, is closed.

(b) For every g € Ay such that f := % is an entire function we have f € Ay,.

(c) There are k € N and x¢ > 0 such that for each x € RN with | z |> xo there
ist € RN with |t — z |< Ri(x) and | F(t) |> exp(—kp(t)).

(d) There are k € N and zo > 0 such that for each x € RN with | z |> x¢ there
is £ € CN with | € — x |< Ri(x) and | F(€) |> exp(—kp(£)).

Condition (c) in theorem 3 was introduced by Ehrenpreis [7] in the case u = log
and v(t) = t to characterize the surjective convolution operators on the space of
infinitely differentiable functions.

A continuous increasing function w : [0, c0[— [0,
satisfies: w(2t) = O(w(t)), log(1 + t2) = O(w(t)), w(t)
¢t — w(e') is a convex function on R.

The Young conjugate ¢* : [0, 00[— R of ¢ is defined by

©*(s) == sup{st — p(t) : t > 0}.

is called a weight if it

oo
= o(t) as t tends to co and

The weight w is called non-quasianalytic if [ t~2w(t)dt is finite. See [6].

The space of ultradifferentiable functions of Beurling type E(w)(RN) associated
to a weight w is the Fréchet-Schwartz space of all functions f € C*°(R¥Y) such that
for each K ¢ RY compact and each m € N we have

| o]

Prem(f) := sup sup | f1%(x) | exp(—me"(—)) < oo
zeK aENéV m
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The space of ultradifferentiable functions of Roumieu type E{W}(RN ) associated
to a weight w is defined as the space of all functions f € C°°(R") such that for
each K C RY compact there is m € N such that

sup sup | /() | exp(— " (| ma ) < oo.
z€K aeNY m
This space is a projective limit of (DFN)-spaces which is ultrabornological. We
refer to [6] 22]. Also see [32].
For p € Sgw)(]RN) the convolution operator T), : Eu)(RY) — &) (RY) is
defined by T, (¢)(x) := (1 * ¢)(x) = {1y, p(x — y)), which is a continuous linear

operator with transposed map T}, : Ezw)(]RN) — Eéw)(RN), T!(v) := ji * v, where

i) = () and $(x) = p(—2).

If w is a weight we put u(t) := w(| t |), v(t) :=| ¢ | and we consider the associated
non-radial weight function p(z) := w(| Rez |)+ | Imz |, z € CV. In this case the
corresponding function Ry, is given by Ry(x) = kw(x).

It is well known (see [6] 21} 22] [27]) that the Fourier-Laplace transform F' : p — i,
given by fi(z) := (uug, e *®?)), is an algebra isomorphism between the convolution
algebra (Ezw)(RN ),*) and the Hérmander algebra A, which is even a topological
isomorphism when we endow Ezw)(RN ) with the strong topology. We will identify,
via Fourier-Laplace transform, the transposed map Tlﬁ with the multiplication op-
erator FTltLF_1 A, — Ay f — if. Sometimes we will identify Eéw)(RN) with
Ap. A standard argument gives that T, : E(w)(RN) — 5(w)(IRN) is surjective if,
and only if, the principal ideal 1A, is closed in A,.

We do not assume in the rest of the article that the weight w is non-quasianalytic.

Examples 4. (a) w(r) = r'/*, ¢t > 1, is a non-quasianalytic weight. In this case
Eroy (RYN) =THH(RYN) is the Gevrey space of order ¢.
(b) w(r) = m, 0 < g < 1, is a quasianalytic weight.

Definition 5. An ultradistribution p € EEW)(RN) is called slowly decreasing for

(w) if there are k € N and x > 0 such that for each € RY with | 2 |> x¢ there is
¢ € CN with | ¢ — 2 |< kw(x) and | (&) |> exp(—kw(€) — k | Imé |).

It follows from proposition 2 that the ultradistribution pu € &/ w)(RN ) is slowly
decreasing for (w) if and only if there exists k¥ € N such that for each j € N there
exist m € N and C > 0, R > 0 such that for each z € CV, | z |> R, there exists
w € CV satisfying

|w—z|< kw(z) + % | Imz | and | fi(w) |> Cexp(—m(] Imw | +w(w))).

The above reformulation of the slowly decreasing condition has been used in [5].
In the case N = 1, theorem 3 implies that our definition of (w)-slowly decreasing
coincides with the one used by Meise, Taylor and Vogt in [I§].

As an immediate consequence of theorem 3 we get

Corollary 6. Let w be a weight and let p € Ezw)(RN). Then the following condi-
tions are equivalent:

(a) Ty Ey(RY) — Ey(RY) is surjective,

(b) w is slowly decreasing for (w).
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This result was already proved in [I8] in the non-quasianalytic case and for
N = 1. A proof for arbitrary N and non-quasianalytic weights can be found in [4].
The proof in [4], [I8] depended on an application of the Phragmén-Lindelof theorem
which was possible because the non-quasianalyticity of the weight w permits us to
extend it to a harmonic function in the upper halfplane. The proof of the corollary
for arbitrary weights depends on the equivalence between conditions (a) and (c) of
proposition 2.

The next corollary extends [4, Theorem 2] and part of [5, 2.8] to quasianalytic
weights.

Corollary 7. Let w < o be two weights. The following conditions are equivalent
for p e E(’w)(]RN) :

(a) E)(RY) is contained in T, (E)(RY)).

(b) If B C ng)(RN) satisfies that T\ (B) is bounded in 5(’w)(RN) then B is
bounded in Eég)(RN).

(c) Ty : E(o)(RN) — E) (RY) is surjective.

Proof. To prove that (a) implies (b) we may proceed as in [4, Theorem 2], since
the proof of (1) = (3) in [4, Proposition 1] remains valid for quasianalytic weights.
To prove that (b) implies (c¢) we first proceed as in [4, Theorem 2] to deduce that
u is slowly decreasing for (o) and then we apply corollary 6. |

If G € H(CY) satisfies log | G |= O(w) then pg(p) = Za(—i)‘O"%w(a)(O)
defines an element ug of Ezw)(RN) with support {0}. The operator
G(D) : Ey(RY) — Ew)(RY), G(D)f = pe * |,
is then called an wltradifferential operator of class (w). Note that G(D)f(z) =
T Gl
>, il Ga—!(o)f(a)(l').
For the convenience of the reader we state the following result which will be

used in the sequel. It permits us to construct entire functions with certain growth
properties and vanishing on a given distribution of points.

Theorem 8 (Rubel and Taylor [28] [29]). Let A(r), r > 0, be a positive, increasing
and unbounded function such that A(2r) < MM(r) for some M > 0. Given two
sequences (a;) C C\ {0} and (m;) C N we put n(t) := Z|aj\§tmj and N(r) =
J@dt. If there are positive constants A, B such that N(r) < AN Br), r > 0,
then there exist an entire function f € H(C), f # 0, such that the inequality
| f(2) |< exp(A’A(B' | z |)) holds for some constants A’, B', and f(a;) = 0 with
multiplicity at least m; (j € N).

Our next result exploits ideas and methods of [26].

Proposition 9. Let w < o be two weights. Then the following conditions are
equivalent:

(a) €y (RN) is contained in G(D)(Eqy(RN)) for every ultradifferential operator
G(D), of class (w).

(b) There are C > 0 and Ry > 0 such that for each R > Ry we have

inf w(8) <C o(R)
SPrlog(¥) ~ log(hy)
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Proof. (a) = (b). Proceeding by contradiction we assume

YOS 0 YRy >0 GR>Re: mf 2 5o o)
S>R IOg(E) log(a R))

Inductively we select an increasing and unbounded sequence (a;) of positive real

numbers and a sequence (m;) C N such that

. w(S) s jola)
(i) infgsa, Tos(2) > mj > jlog((,f{(]]))’

(ii) n(aj—1) <my,
(iil) n(aj—1) 1og(Z—j) < w(ay), where n(t) :==_, ~, m;. To apply the Theorem of

Rubel and Taylor mentioned above, for A = w we must estimate N(r) := Or @dt.
For a; <r < aj41 we have
aj t s t
Ny = [y [
aq t aj t
@ dt " dt
< n(aj—l)/ + T (nlaj-1) + mj)/ n
a1 aj
r
<w(a;) + 2m;log(—).
aj
Since % > m; we conclude N (r) < w(a;)+2w(r) < 3w(r). Consequently there

is an entire function F' € H(C), F # 0, such that F(a;) = 0 with multiplicity at
least m;, j € N, and | F(z) |< exp(Aw(] z |)) for some A > 0.

By corollary 7, it is enough to show that F' is not slowly decreasing for (o) to
conclude. Let k > 0 be arbitrary, w = a; +re?, 0 < r < ko(a;). Then we have, by
the Jensen-Poisson formula, for z = a;, R =| z |= qj,

1 [ .
log | F(w) | = 2_/ Py (0~ t)log | F(z+ Re') | dt
T Jo
R? — (a — z)re®

B Z log | R(re?? — (a — 2)) -

|z—a|<R,F(a)=0

Since each term in the sum is positive

R

1 [ : R
log | F(w) | < 2—/ Pr (6 —t)log | F(z+ Re'™) | dt —m, log(?)
™ Jo
R
< sup log| F(§) | —m;log(—)
€€C;|€[<2]2| "

< Aw(2|z]) —m; bg(k;&j)).

This means that log | F(w)| < Aw(2|z|)—m, log(#fm) whenever we have | w—a; |<
ko(a;). Now it is enough to note that
@
Aw(2 |z [) —m; IOg(Wjaj)) < —ko(ay)

for j large enough in order to conclude that G(z) := F(z1), z € CV, defines an
ultradifferential operator G(D) of class (w) such that £,)(RY) is not contained in
G(D)(E(w) (RY)).
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(b) = (a). We first assume G(0) # 0. Without loss of generality we can take
G(0) = 1. We fix z € CN with | 2z |> Ry (as in (b)) and set R :=| z |. There is
S > R such that

“(9) _ o _olh)
log(3) ~ * log(-2y).

We take 7 := %e% < %e and g(¢§) = G(%), ¢ € C. By the minimum modulus
theorem of Levin [I5] Theorem 11], in the more general form given by [26] 4.2],

there are discs (/;)}_; the sum of their radii is less than or equal to 471 and such
that for every € ¢ C, | £ |[< R, € € |J K one has

3e . log M (25)
log | (&) |> —2log M (2R) — log(— ) ——=—,
l9(&) | (2R) (277) log(3)
where M (t) = sup),—; | 9(2) | . Since 8nR = 12ea(R) < Ao(R) < R for some A > 0
and R large enough, we conclude the existence of £ € C with | £ — R |< Ao(R),
| € |< R, and
ﬁ
2n

log M (25)
log(%)

Then for w = £ we have | w — 2z |=| £ — R |< Ao(R) and, for some k > 0,

2]

| 9(&) |> exp(—2log M (2R) — log(

) )-

log | G(w) | > —2log M(2R) — 1og(§)w

27" log(%)
R w(29)
> —2kw(2R) — kCo(R) > —Bo(R)

for some constant B > 0. Corollary 7 permits to conclude that £, (R™) is contained
in G(D) (€ (RY)). In case G(0) = 0 we choose w € CV with G(w) # 0 and proceed
as above with the function G1(z) := G(z + w). O

Examples 10. (a) Let w < o be two non-quasianalytic weights. If 4 € Do) (RN) C
Ezw)(RN), then &(,)(RY) is not contained in T},((,)(RY)). In fact, it follows from
the Paley-Wiener theorem ([6]) that u is not slowly decreasing for (o). We then
apply corollaries 6 and 7.

(b) Let 1 < s < t and w(r) = r'/t, o(r) = r'/s. Then &)(RY) is contained in
G(D)(Ey(RY)), for every ultradifferential operator G(D) of class (w). In fact, we
take S = 2R and observe that

w(S) log(5{ky)
log(%) o(R)
The conclusion follows from proposition 9.

(c) Ehrenpreis [7] proved that . (RY) is contained in T},(C>°(RY)) for every
pe &' (RN)If r(t) =|t].

— 0 for R — 0.

Lemma 11. Let w < o be two weights and let u € Szw)(RN) be an ultradistribution
such that the range of T}, : £y (RY) — €y (RN) contains the Roumieu class H :=
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Ey(RY). IfB C 5(’w)(RN) satisfies that T),(B) is equicontinuous in Eéw)(RN), then

{¢ |a: v € B} is equicontinuous in 8%0}(RN).
Proof. Let 7 denote the quotient topology induced by 7T}, on its range. Then
G = (TW(Ew)(RY)), 7) is a Fréchet space and the inclusion i : £,y (RY) — G is
continuous, since it is a linear map with closed graph. We now fix a 0-neighbourhood
V in £)(RY) such that (Tie, f)] < 1 for every ¢ € B and f € V. Then
W = T,(V) N &y (RY) is a neighbourhood in €,y (RY) and |{g,g)| < 1 for
every g € W and ¢ € B. O
Definition 12 ([5]). An ultradistribution p € Eiw}(RN) is called slowly decreasing
for {w} if for each m € N there exists R > 0 such that for each x € RY with | z |[> R
there exists £ € CV satisfying | # — £ |< Lw(x) such that | 4(§) [> exp(—Lw(€)).

Proceeding as in [B 3.2] it turns out that p € Ef{w}(RN) is slowly decreasing
for {w} if, and only if, there exists a weight function o with o = o(w) such that
e 5(’0) (R™) and p is slowly decreasing for (o).

By [6l 22| [27], the Fourier-Laplace transform F' : u — [ defines a topological
isomorphism between the (LF)-spaces SEW}(RN) and ind;projx A(wji, CV), where

A(wjk,(CN) ={fe H((CN) s sup,ecnvwik(2)]f(2)] < oo},
and

win(2) = exp(—jlmz] — 2w(2))

The following lemma extends [19 3.2,3.3] to quasianalytic classes. We indicate
the similar proof. We thank A. Albanese and R. Meise for conversations on the
lemma.

Lemma 13. Let o be a weight. For every equicontinuous set A C SEU}(RN), there

is a weight T = o(c) and there is a seminorm P on Eq;y(RY) such that |o(f)| <
P(f) for every ¢ € B and every f € SEU} (RM).

Proof. We identify spaces via the Fourier-Laplace transform. Since A is equicontin-
uous, it is contained in a Banach disc in ind;projxA(w;k, C™). By Grothendieck’s
factorization theorem, it is bounded in a step, i.e.

IjVEkIM,VveAVY zeCV:

~ ) 1
()] < Myexp(ilims] + 7o (2).
We get, for each k and r > 0
~ . 1
9(r) = sup|.|=plog" (|7(2)[exp(—j[Imz])) < —o(r) + logMy,

ie., g = o(o). By [6l 1.7 and 1.8], there is a weight 7 = o(¢) such that g = o(0).
This yields

V6 >03Cs >0Vve BVzeCV:
[V(2)] < Csexp(j|Imz| + 07(2)).

This implies that A is bounded, hence equicontinuous in Ef{T}(RN ) and the proof
is complete. O
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Proposition 14. Let w < o be two weights, w = o(o) and let p € EEW)(RN) .
Then, the following conditions are equivalent:

(a) Eqoy (RY) is contained in T, (Eq,)(RY)).

(b) There is a weight T satisfying w = o(7) and T = o(c) such that Ey(RY) is
contained in Ty,(E)(RY)).

(c) w is slowly decreasing for {c}.

Proof. (a) = (b). Let (C,) be a fundamental sequence of bounded sets in Szw)(RN).
We put G := &,3(RY). By lemma 11, for each n € N, the set B, := {¢ |a:
Tligo € C,} is equicontinuous in EEU} (R™). We can apply lemma 13 to find a weight
on = 0(c) and a seminorm P, on &, )(RY) such that | o(f) |< P.(f) for every
¢ € B, and f € G. By [6, 1.9] we find a weight 7 with o, = o(7) for every
n € N, w = o(7) and 7 = 0(0). Clearly £, (RY) C £(RY) C &) (RY). Fix
B cC Sgw)(RN) such that T,(B) is a bounded set in Ezw)(RN). There is m € N with
T;(B) C Cp. Accordingly B is bounded in Eéam)(RN), hence in 8(’7)(IRN). We
apply corollary 7 to conclude that £-y(R") is contained in T}, (&) (RY)).

(b) = (c). Since 7 = o(0), we can apply corollaries 6 and 7 to conclude that u

is slowly decreasing for (7).
(c) = (a) follows from the inclusion £, (RY) C £ (RY). O

Proposition 15. Let w < o be two weights such that w = o(c). The following
conditions are equivalent:
(a) Egoy(RY) is contained in G(D)(E)(RN)) for every ultradifferential operator
G(D) of class (w).
(b) For every € > 0 there is Ry > 0 such that for each R > Ry we have
n w(i) < U(IQ .
s>Rlog(%) — log((w)
(¢) There is a weight function T, w < 7, 7 = o(c), such that £ (RN ) is contained
in G(D) (&) (RN)) for every ultradifferential operator G(D) of class (w).

Proof. (a) = (b). Proceeding by contradiction we assume

1 s R
N<e<t VR >0 3R> R it 2O) o)
3 S>R 10g(§) 1Og(€a(3))

Inductively we select an increasing and unbounded sequence (a;) of positive real

numbers and a sequence (m;) C N such that
a(a({)
log(mb) ’

(i) infssaq, % >mj > 3e

(ii) n(aj-1) <my,
(ili) n(aj—1) 1og(Z—j) < w(ay), where n(t) :==3_, ~, m;. To apply the Theorem of

T n(t)

Rubel and Taylor for A = w we must estimate N (r) := [ Y dt. For aj <71 <aj41

0 "t
we have (as in the proof of proposition 9)
r
N(r) <w(aj) +2m; 1og(;).
j

Since % > em; we conclude N(r) < (14 2)w(r). Consequently there is an

entire function F € H(C), F # 0, such that F'(a;) = 0 with multiplicity at least
mj, j € N, and | F(2) |< exp(Aw(| z |)) for some A > 0. To conclude, it is enough
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to show that F is not slowly decreasing for {o}. Let w = a; +re®, 0 <r < eo(ay).
Then we have, by the Jensen-Poisson formula, for z = a;, R =| z |= a;,

log | F(w) |< Aw(2] 2 |) - m; log<m‘ggj)>.

This means that log | F(w) |< Aw(2a;)—m; log(e;zﬁ) whenever | w—a; |< eo(a;).
Now it is enough to note that

@
Aw(2a;) —m; log(w(;j)) < —eo(ay)
for j large enough to conclude that G(z) := F(z1), z € CV, defines an ultra-
differential operator G(D) of class (w) such that €,y (RY) is not contained in
G(D) () (RY)).
(b) = (c). We find an increasing sequence (R,,) of positive real numbers such
that for every r > R,,:

Lo w(S) 1 o(R)

S>R 1og(%) ~m 1og(:&% )’

We define g(t) = 0 for ¢t € [0, Ri[ and g(t) = % for t € [Ry, Rm+1] and apply
[6, 1.7;1.8] to find a weight function 7 such that w < 7, g = o(7), 7 = o(c). We
apply proposition 9 to get that S(T)URN) is contained in G(D)(&(.) (R™)) for every
ultradifferential operator G(D) of class (w). O

P/t

Example 16. Let w(r) = o(7;7), ¢ > 1, and o(r) = r1/t. Then Eor(RY) is
contained in G(D)(&(,)(RY)), for every ultradifferential operator G(D) of class

(w)-

In fact, we put ®(R) := infgs g %. Using that ®(R) < ﬁézg) we deduce that
R

®(R) = o(ﬁ)(gR%). Consequently, for every 0 < € < 1 there is R; > 0 such that

1 _R__ 1 _R__
R > Ry implies ®(R) < eﬁ)(gRl%. Hence ®(r) Ogiz(’R(;”) <e Ogl(ozg)). Since the term

in the right-hand side converges to (1 —1)e as R — oo it follows that condition (b)
in the proposition 15 is satisfied.
The example above is “sharp” since for a weight w with 2w(r) < w(Ar), r > r,

for some A > 1 we have infgs 1;;((‘2) ~ w(R) by [24, ex.4.6(b)].
R

Remark. The condition (b) in proposition 15 is equivalent to the following:
For every € > 0 there is Ry > 0 such that for each R > Ry we have

w(S) < o(R) .
s>Rlog(2) ~ log(%)

The limit case ¢ = 1, which occurs when we replace the Roumieu class £,y (RM)
by the space of real-analytic functions, is the content of corollary 18.

Ehrenpreis [7, Theorem II, p. 556] proved that, in case w = log, the intersection
of the ranges of all the convolution operators on E(w)(RN ) coincides with the space
of the real-analytic functions, showing that the phenomenon in the example cannot
happen in the larger class of arbitrary convolution operators.

Proposition 17. Let u € Ezw)(RN). The following conditions are equivalent:
(a) The space A(RY) of real analytic functions is contained in Ty,(E)(RY)).
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(b) v satisfies the following condition (E):

For each m € N there exists R > 0 such that for each x € RN with | z |> R
there exists £ € CN satisfying | x — & |[< L | 2 | such that | (&) |> exp(—lfq—l).

(c) There exists a weight function o, 0 > w, such that T, : E,)(RY) — &, (RY)
1S surjective.

Proof. (a) = (b). We proceed by contradiction. We assume that there are k € N

and an unbounded sequence (z;) in RY such that for each j € N and each ¢ € CV
with | £ —z; |< ‘z—le we have | () |< exp(—‘—g‘). Let (f;) the sequence of entire
functions given by lemma 1 with v(¢) :=¢ and R, := gl

3k
For ¢ € CN with | £ — x; |> Rj + 2 we have
| £5(€) |< Cvexp(] Im€ | +2 + O log(1+ | € 7)),

which implies f; is the Fourier-Laplace transform of some distribution with compact
support. Let v; € 5(’w)(IRN) with ; = f;. We show that {T\(v;) : j € N} is a
bounded set in Séw)(RN). If | € —z; |< Rj + 2, then

| £5(€) |< Cnexp(R; + 4 + Cy log(1+ | £ ).
and

31+
3k

Since | z; |[<| | +R; +2 =] | —l—% + 2, we have | z; |< 3 | £ | for j large enough
and

| 7€) £5(€) |< Cvexp( +4+ Cylog(1+ | €]?)).

| () £3(6) < Cnexp(4 + Cy log(1+ | € )
for every ¢ € CN with | € —z; |[< R; +2, j > jo. Moreover, | £ —x; |> Rj +2
implies
| 1) f3(€) <] (&) | Cvexp(| Tmg | +2+ Cy log(1+ | £ |2),
whence it follows that {T(v;) : j € N} is a bounded set in Eéw)(RN). We can

proceed as in the lemma 11 to conclude that {v; | A(RY) : j € N} is equicontinuous
in A'(RV), i.e. ([I1} 15.1.5))

JA>0 Ve>0 : supsup| fj(2) | exp(—A | Imz | —e | 2 |) < o0.
7 z

On the other hand,

| 1) [ expl—e 2 ) > expl( 5= = ) |2y | ~Civlog(1+ | 2 ).

Now, for 0 < € < ﬁ, this implies lim; o | fj(x;) | exp(—€ | z; |) = oo, which
is a contradiction.

(b) = (c). Applying (b) inductively, we find a strictly increasing sequence (R,,)
tending to infinity so that the conclusion of (b) holds with m replaced by 2m for all
x € RN satisfying | # |[> Rp,. Then we define g(t) := 0 for ¢ € [0, R1[ and g(t) := £
for t € [Rp, Rm+1]. Since g(t) = o(t) as t goes to infinity we can apply [6l, 1.7;1.8]
to get a weight function o > w such that g(t) = o(c(t)) and o(t) = o(t) as t goes to
infinity. Proceeding as in [B, 3.2] we conclude that y is slowly decreasing for (o).
It follows from corollary 6 that T}, : £,y (RY) — £, (RY) is surjective. O
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We now include some result on the limit case of the space of real analytic func-
tions. Compare with example 13.

Corollary 18. Let w be an arbitrary weight and let p € Szw)(RN) satisfy supppy =
(0). Then the range of Ty, : Ey(RY) — E,)(RY) contains the space A(RY) of
real analytic functions.

Proof. In fact, p satisfies the condition (E) by [17, Th.7; Lemme 15] (see also [14]
1.8]). O

The next result was already proved in [4] with a different approach. It should
be compared with corollary 18 and example 16 where a restriction on the support
of 1 was needed.

Corollary 19. Letw be a non-quasianalytic weight and let p € EEW) (RN). Then the

space A(RYN) of real analytic functions is contained in the range of the convolution
operator T), : S(W)(RN) — E(w)(RN).

Proof. Tt follows from [7} 4.5], after taking convolution with a fixed test function,
that u satisfies condition (E). O

Lemma 20. Let u € A'(RY) be an analytic functional. Then there are a (quasian-
alytic) weight o and an ultradistribution v € 5{0) (RYN) such that  is the restriction

of v to A(RY).
Proof. In fact, for every € > 0 we put

Ce:=sup | i(z) | exp(— | Imz | —€| 2 |) <
z€C
and define g : [0, ool [0, 0] by exp(g(®)) = supi.i_, | () | exp(— | Im |).
Then exp(g(t)) < Ceexp(et), from where it follows that g(t) = o(t) as t goes to co.
Now we apply [6l 1.7,1.8] to find a weight o such that g(t) = o(o(¢)) and o(t) = o(?).
Then, g(] z|) < Ko(| z |) for some K > 0 and every z € C and

sug | () | exp(— | Imz | —Ko(| z])) <oco. O
zE

If p is a subharmonic function on C satisfying a growth condition of the form
p(z) < A+ B| z|, z € C, then the limit set L(p) of p is the set of all subharmonic
functions in C which are limits in L{, .(R?) (or equivalently in D’(R?)) of sequences
of the form tj_lp(tj.), where t; goes to infinity. The indicator function j, of p is the
least upper semicontinuous majorant of Etﬂooflp(t.). The indicator function
iy of an entire function f is the indicator function of the subharmonic function
p =log | f | . The next theorem depends heavily on a result of Sigurdsson [30]
on the existence of analytic functions f such that log | f | has the largest limit
set among all subharmonic functions having a fixed subharmonic and positively
homogeneous function r as indicator function.

Theorem 21. There are a quasianalytic weight o and an ultradistribution p €
520)(R) such that the range of T}, : £5)(R) — E(5)(R) does not contain the space
A(R) of real analytic functions.

Proof. We take r(z) :=| Imz | and apply [30, 1.3.2] to get an entire function f €
H(C) such that the limit set of p := log | f | coincides with

L(p) = {u subharmonic: «(0) =0, u(z) <| Imz |}.
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By [30} 1.1.2] (see also [31}, 2.2(ii)]), the indicator function of f is given by if(z) :=
Mtﬂoo@ =| Imz |, z € C. From the Hartogs lemma [I6] it follows that for all

€ > 0 there is t. such that @ <|Imz | +e€ for every t > t., | z |= 1. Consequently
f is the Fourier-Laplace transform of an analytic functional. We apply the lemma
20 to find a quasianalytic weight ¢ and an ultradistribution p € 5{0) (R) such that

f = fr. To finish we show that f does not satisfy the condition (E). To do this, we
put u(z) := log | cosz |, which is an element of L(p). There is an increasing and
unbounded sequence (¢;) such that lim; t;l log | f(t5.) |= u(.) in L} (R?). We

take xo = § and 0 < € < 1 satisfying u(z) < —2¢ for every z € C with | z — 29 |[< e.
Since

lim ( sup tj_llog | ft;2) ) < sup wu(z) < —2e¢

I | z—zo|<e |z—xo|<e

by [10, 4.1.9], there is jo € N such that t;l log | f(t;z) |< —2¢ for every j > jo and
| z—x0 |< €. Then, as | z |[<| zo | +1, we obtain log | f(t;2) |< —2¢ | t;z | for
every j > jo and | z — zg |< €, with € = ﬁ Finally we put a; := t;zo, j > Jjo.
Then | f(€) |< exp(—2€' | £ |) for every £ € C with | £ —a; |[< € | a; | and f does
not satisfy condition (E). O

By Sigurdsson [31 Thm. and Def. 2.5], for each p € 8('0)(RN), [ satisfies

condition (E) if and only if u(x) = 0 for all z € RY and u € L(log | /i |). (The
uniformity of R—which a priori depends on the direction x € RY \ (0)—follows
via [31], 2.5 (v)] from Hartogs’ lemma [16, Thm. 1.31]. See also [16] Thm. 4.9].)
These conditions are equivalent to several notions of regular growth of | i | on the
cone RY (|31, 2.5]). By Hérmander and Sigurdsson [12], in the case N = 1, the
equivalent conditions on f are fulfilled if w is a non-quasianalytic weight. Of course,
the function f in Theorem 21 is not of regular growth on R.
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